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 A B S T R A C T

We investigate the propagation and stabilization of gradient-induced asymmetric solitons in 
a two-dimensional Modified Nonlinear Schrodinger (MNLS) framework with spatially varying 
nonlinearity. In the absence of external modulation, the asymmetry generates a transverse 
nonlinear momentum that drives the beam away from the center, producing both amplitude 
change and systematic drift. We show that a parity–time ( ) symmetric imaginary potential, 
introduced as a transverse gain—loss landscape, provides an effective mechanism to counteract 
this gradient-induced asymmetry. By modulating the parameter space of the steepening strength, 
imaginary-potential coefficient, real-potential depth, nonlinearity and diffraction parameter we 
identify unique points at which the nonlinear flux, diffraction, and  −induced transverse 
energy exchange reach a well-defined balance condition. At these operating space, the soli-
ton recovers a stable propagation state with suppressed drift, preserved beam width, and 
nearly constant amplitude. When the  −symmetric potential strength is below or above 
this balancing value, the beam exhibits characteristic signatures such as spreading-dominated 
decay, oscillatory focusing–de focusing cycles, or residual amplification, depending on the 
relative dominance of system parameters. In addition, we demonstrate collision dynamics, a 
propagation-based perturbation study that directly reveals the dynamical stability of these 
beams, complementing and validating the parameter-controlled stability analysis. The results 
establish a comprehensive picture of how  −symmetric gain–loss mechanisms can restore 
symmetry and stability in self-steepening optical solitons, and they provide guidelines for 
controlling nonlinear beam transport in engineered wave guiding structures with spatially 
modulated refractive index and nonlinearity.

1. Introduction

The conventional paradigm for combating optical beam spreading relies on confinement through waveguides or fibers, which 
impose physical boundaries to suppress diffraction. A more profound solution, however, emerges within the beam itself through the 
modification of the refractive index. Here, the medium’s refractive index becomes a dynamic function of the light’s intensity. This 
enables a remarkable phenomenon which is known as nonlinear self-focusing, which can enter into an equilibrium with diffraction, 
culminating in the formation of optical solitons [1–3]. These self-trapped wave packets are eigenstates of the nonlinear wave 
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equation, propagating without distortion, and representing a perfect intrinsic symmetry between wave spreading and self-induced 
focusing. This property, that has been extensively analyzed in the context of integrable and nearly integrable nonlinear systems, are 
studied in [4,5]. These phenomena generally arise under conditions of high optical intensity, such as during focused laser excitation. 
Because of their remarkable stability, solitons have been widely recognized as promising information carriers in advanced optical 
communication systems. They underpin key applications including high-speed data transmission, optical logic operations [6,7], 
ultrafast signal processing, pulse compression and splitting in nonlinear optics [8], as well as optical switching technologies [9,10].

The nonlinear Schrödinger equation (NLSE), given as 

𝑖 𝜕
𝜕𝑧
𝜓(𝑥, 𝑧) + 𝜁 𝜕

2

𝜕𝑥2
𝜓(𝑥, 𝑧) + 𝑛2|𝜓(𝑥, 𝑧)|

2𝜓(𝑥, 𝑧) = 0, (1)

is a cornerstone framework for modeling the propagation of slowly varying wave envelopes in nonlinear optical media with 
diffraction effect enhanced by 𝜁 . In the conventional (1+1)-dimensional media, the NLSE encapsulates the intricate balance between 
diffraction and nonlinear self-focusing effects. The nonlinear response arises through the intensity-dependent refractive index, 
expressed as 𝑛(𝐼) = 𝑛0+𝑛2𝐼 , where 𝑛0 represents the linear refractive index, 𝑛2 denotes the Kerr coefficient, and 𝐼 = |𝜓|2 corresponds 
to the local optical intensity. Recent studies of solitons have moved well beyond the classical cubic nonlinear Schrödinger (NLS) 
equation, incorporating higher-order mechanisms that govern their behavior in realistic optical systems. In practical photonic media, 
the simplifying assumptions of the standard NLS framework often fail, particularly in ultrashort-pulse and broadband regimes where 
higher-order dispersion and diffraction become crucial. Soliton stability in cubic-quintic fourth-order dispersive medium [11], optical 
solitons in a power law media with fourth-order dispersion [12], stability of one- and two-dimensional spatial solitons in higher 
order nonlinear system with fourth-order diffraction supported by  −symmetric potentials [13], formation of stable solitons in 
two-dimensional dissipative medium with constant loss [14,15] etc., establishes that these effects can induce asymmetric spectral 
broadening, pulse distortion, or even altered propagation stability [16].

Formation and stabilization of multi-hump solitons in saturable nonlinear medium [17], symmetry breaking of beams in the 
 −symmetric cubic–quintic competing saturable nonlinear medium [18], dynamical evolution of solitons in fractional Schrodinger 
equation with saturable nonlinearity [19,20], stability and excitation of nonlinear modes in spatially inhomogeneous nonlinear 
system [18,21], beam propagation in nonlocal nonlinear medium, where the refractive index at a given point is influenced by the 
surrounding field distribution [22–24], formation of two-dimensional spatial solitons in cubic–quintic–septimal nonlinear media 
with engineered gain–loss landscapes [13,25] etc are notable works in nonlinear medium with higher order effects.

Extending this direction, recent efforts have focused on spatially tailored nonlinear coefficients, where the nonlinear response 
varies across the medium [26–29]. Such engineered profiles — whether localized, graded, or structured — allow for the modification 
of soliton trajectories, thresholds, and interaction dynamics. Similarly, derivative nonlinear responses were originally formulated in 
the framework of temporal self-steepening, where the intensity-dependent modification of the group velocity results in waveform 
distortion and temporal asymmetry [30,31]. Pulse propagation dynamics, both in the normal and anomalous dispersive media, 
under self-steepening and self-frequency shifting [32,33], stable beam propagation by balanced dispersion and self-steepening 
mechanism [34], self-steepening of pulses in optical fibers [35], propagation of ultrashort optical pulses in quadratic-cubic nonlinear 
media with the self-steepening [36], etc. are dominating works in this field.

The idea of self-steepening has been generalized to spatial soliton models in order to capture nonlinear gradient-induced 
asymmetry and nonreciprocal propagation phenomena. These contributions, expressed as 𝜕𝑥(|𝜓|2𝜓), represent intensity-gradient-
dependent corrections to the nonlinear response and thus provide a natural mechanism for describing asymmetric beam evolution, 
self-induced tilting, and directed energy transport [37]. Physically, they imply that the beam center propagates with a lower effective 
velocity compared to its wings, leading to the steepening of the intensity profile toward the trailing edge [38]. As a result, the beam 
envelope acquires an intrinsic asymmetry during propagation, and localized ‘‘shock-like’’ features may emerge at the rear boundary 
of the profile.

Motivated by these earlier studies, recent works have considered the incorporation of periodic  −symmetric potentials into the 
MNLS framework, which has been shown to mitigate both amplitude change and lateral displacement in self-steepening solitons [37]. 
Control of self-steepening effects on dissipative light bullets via linear potential has been discussed in [39]. Numerical investigation 
of the stability and bifurcation structure of solitary waves in a cubic-quintic system with self-steepening effect, along with external 
potentials has been discussed in [40]. Taken together, these extensions of the classical model — often referred to as MNLS equations 
— provide the theoretical framework for contemporary soliton engineering. By incorporating additional physical effects, they 
introduce new parameters for tailoring light localization and controlling nonlinear wave dynamics in complex media.

A major conceptual breakthrough in this direction arose from the seminal contributions of Bender and Boettcher [41,42], 
who demonstrated that a class of non-Hermitian Hamiltonians endowed with  -symmetry can sustain entirely real eigenvalue 
spectra. Subsequent studies confirmed that this property is realized when the refractive index profile varies spatially satisfying the 
 −symmetry conditions: the real component of the refractive index remains an even function of position, while the imaginary 
component — interpreted as spatially balanced gain and loss — is odd [43–46]. In such systems, the refractive index is expressed 
as 𝑛(𝑥) = 𝑛𝑅(𝑥) + 𝑖𝑛𝐼 (𝑥), with 𝑛𝑅(𝑥) and 𝑛𝐼 (𝑥) satisfies these symmetry requirements. Optical implementations of  −symmetry not 
only reproduce the fundamental quantum-inspired concepts introduced by Bender and Boettcher but also open pathways to novel 
beam transport, soliton formation, and stability mechanisms that arise uniquely from the interplay between nonlinearity, spatial 
tailoring, and balanced gain–loss landscapes.

Th existence and stability under the influence of fractional order effects with  − symmetric potential [47], stable symmetric 
and antisymmetric dipole solitons and quadrupole solitons in the continuously-periodic photon moiré lattice [48], stability of 
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nonlinear beam in optical system supported by Scarff II potential [49], beam dynamics in 1D and 2D  −symmetric sinusoidal 
systems [50],  −symmetric coupled modes in transverse periodic and aperiodic potentials [51], dark soliton formation in 
 −symmetric system [52,53], localized eigenmodes in  −symmetric lattices [54], eigenmodes in cubic-quintic nonlinear media 
with  −symmetric hyperbolic potential [55], cubic-quintic eigenmodes in media supported by quartic harmonic potential [56], 
beam dynamics in  −symmetric coupler [57], dynamics of light bullets in inhomogeneous higher order nonlinear media with 
 −symmetric potentials [58], etc. are some notable works in this field.

In this study, we investigate the influence of an asymmetric nonlinear term — closely related to the self-steepening effect in 
ultrafast optics — on the propagation of two-dimensional spatial solitons which propagate along one direction and are confined 
in other two transverse coordinates. The presence of additional transverse degrees of freedom, which cause localized beams to be 
intrinsically more fragile and susceptible to collapse or diffraction, as widely reported [59–61]. Since it is marginally stable or 
unstable, its controlled propagation is a longstanding challenge. In this context, the self-steepening that breaks spatial symmetry 
and induces pronounced beam drift is significant. While self-steepening effects have been extensively studied earlier in the temporal 
domain and, to a limited extent, in one-dimensional spatial settings [37,38,40], their impact on two-dimensional beam stability 
remains largely unexplored. The present work goes beyond existing studies by demonstrating that, in a fully two-dimensional system, 
self-steepening leads to the simultaneous emergence of transverse drift and amplitude distortion, which cannot be mitigated by 
diffraction or nonlinearity alone.

To counteract these destabilizing effect, we introduce an engineered  −symmetric modification of the complex refractive 
index. In the two-dimensional domain, the interplay between spatially modulated nonlinearity and the  −symmetric gain–loss 
distribution creates a unique stabilization mechanism, where both amplitude oscillations and transverse displacements are markedly 
suppressed. These findings shed light on the design of robust 2D soliton states and demonstrate how  −symmetric engineering 
can be harnessed to regulate asymmetric beam dynamics in nonlinear optical media.

2. Theoretical model and nonlinear beam evolution

The beam dynamics in a system with spatially varying cubic nonlinearity, and an additional asymmetric contribution, can be 
modeled by the MNLS equation, which has the form 

𝑖 𝜕
𝜕𝑧
𝜓(𝑥, 𝑦, 𝑧) + 𝜁∇2

⟂𝜓(𝑥, 𝑦, 𝑧) + 𝛽1(𝑥, 𝑦)|𝜓(𝑥, 𝑦, 𝑧)|
2𝜓(𝑥, 𝑦, 𝑧) + 𝑖𝑠

(

𝜕
𝜕𝑥

+ 𝜕
𝜕𝑦

)

(|𝜓(𝑥, 𝑦, 𝑧)|2𝜓(𝑥, 𝑦, 𝑧)) = 0. (2)

Eq. (2) is a two-dimensional extension of NLSE [37,38,40]. Here, the operator (𝜕𝑥+𝜕𝑦) accounts for nonlinear gradient effects along 
both transverse directions, allowing the model to capture multidimensional intensity-driven energy flow and beam deformation 
phenomena. The cubic nonlinearity (Kerr) with spatial inhomogeneity is represented by a position-dependent coefficient. 𝛽1(𝑥, 𝑦) =
𝐺3𝑒

−𝑏2(𝑥2+𝑦2)
2 , where the parameter 𝑏 controls the degree of spatial confinement of the nonlinear response [27]. This Gaussian profile 

establishes a nonlinear landscape such that larger values of 𝑏 correspond to a more localized and sharply peaked nonlinearity at 
𝑥 = 0, whereas smaller values of 𝑏 lead to a broader distribution of the nonlinear effect.

The modulation of the nonlinear coefficient is interpreted as an effective spatially varying nonlinearity arising from controlled 
dopant distributions, thermal gradients, or structural modifications in the fiber core. In modern photonic systems, such tailoring 
can be realized through graded-index profiles, photonic crystal fiber designs, or femtosecond-laser-written waveguides, where both 
the linear and nonlinear refractive indices can be engineered simultaneously. Although earlier studies have demonstrated spatially 
localized nonlinear responses in colloidal or polymer-based planar waveguides [62,63], the same concept extends naturally to guided 
fiber systems. Here, the spatial dependence of 𝛽1(𝑥, 𝑦) provides an additional degree of control over beam confinement, diffraction 
management, and nonlinear localization, enabling stable beam propagation under tailored refractive-index and gain–loss landscapes.

The optical field, 𝜓(𝑥, 𝑦, 𝑧) denotes the complex envelope of the electric field associated with a spatial optical beam. The parameter 
𝑠 represents the gradient-induced asymmetry and functions as a phenomenological measure of non-conservative effects or engineered 
flux imbalance that may arise in structured photonic systems with spatial non-uniformities [38]. Such asymmetry can be introduced 
through transverse modulation of nonlinear coefficients—practically achievable via thermal gradients or asymmetric doping in 
materials such as chalcogenide glasses and polymer waveguides. Within this framework, the parameter 𝑠 acts as a tunable control 
variable that determines the strength of the induced asymmetry, thereby enabling the modeling of a wide range of physically 
plausible beam dynamics.

The beam propagation is investigated numerically using the finite difference method [64] and Fig.  1(a) illustrates the beam 
intensity profile |𝜓|2, obtained as the solution of Eq. (2) for the parameter set 𝜁 = 1, 𝑏 = 1.5, 𝐺3 = 0.06, and 𝑠 = 0. In the absence of 
the asymmetry term, the governing model reduces to the standard two-dimensional NLSE. The beam propagation exhibits complete 
transverse symmetry, with the input Gaussian, having the form 𝜓(𝑥, 𝑦, 𝑧) = 𝐴𝑒

−(𝑥2+𝑦2)
2𝑎(𝑧)2 , where 𝑎(𝑧) stands for the width of beam, 

remaining centered throughout the evolution. The interplay between diffraction and spatially varying cubic self-focusing effect 
results in a stationary beam whose width, amplitude, and power remain nearly constant along the propagation direction. It is well 
known that the 2𝐷 cubic NLSE with uniform Kerr nonlinearity supports unstable bright solitons due to critical collapse [59–61]. In 
the present model, the spatial modulation of the cubic nonlinearity coefficient provides effective nonlinear confinement, suppressing 
collapse and allowing robust propagation over the distances considered, as illustrated in Fig.  1(a). This establishes the benchmark 
scenario for the system, serving as a baseline against which the impact of nonlinear gradient and  −symmetric effects can be 
systematically examined.
3 
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Fig. 1. Evolving 2D nonlinear optical beam at 𝜁 = 1, 𝑏 = 1.5, 𝐺3 = 0.06 and 𝑠 = 0.

To quantify the spatial localization of the beam during propagation, we compute both the centroid and the peak position of 
the intensity distribution and shown in Fig.  1(b). For a field amplitude 𝜓 , and 𝑃 (𝑧) = ∬ |𝜓(𝑥, 𝑦, 𝑧)|2 𝑑𝑥 𝑑𝑦, the beam centroid 
(center of mass) along each transverse direction is obtained as the first normalized moments of the intensity profile where, 
𝑥𝑐𝑚 = 1

𝑃 (𝑧) ∬ 𝑥|𝜓(𝑥, 𝑦, 𝑧)|2 𝑑𝑥 𝑑𝑦 and 𝑦𝑐𝑚 = 1
𝑃 (𝑧) ∬ 𝑦|𝜓(𝑥, 𝑦, 𝑧)|2 𝑑𝑥 𝑑𝑦. These quantities describe the average position of the beam and 

therefore reveal any net transverse drift induced by nonlinearity, nonlinear gradient, or gain–loss imbalance. The peak position, 
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Fig.  1(b), is defined as the coordinates of the maximum intensity point, (𝑥𝑝𝑒𝑎𝑘, 𝑦𝑝𝑒𝑎𝑘) which tracks the instantaneous location of the 
brightest spot within the beam. For a symmetric Gaussian input, the centroid and peak coincide initially, but they may diverge 
during evolution if the profile develops asymmetry or if the peak shifts relative to the overall energy distribution. When 𝑠 = 0
centroid and peak positions remain locked at the origin throughout the propagation. This confirms that the beam stays perfectly 
centered, with no transverse drift or displacement. Fig.  1(c) displays the evolution of the peak amplitude, max𝑥,𝑦 |𝜓(𝑥, 𝑦, 𝑧)|

2, and 
the on-axis amplitude, |𝜓(0, 0, 𝑧)|2, as a function of propagation distance 𝑧. Both quantities remain nearly constant and equal to 
unity throughout propagation. This behavior follows from the conservation of beam symmetry and the absence of gradient induced 
shift or any potential. Since the Gaussian input retains its centered profile and no additional phase tilt is introduced, the intensity 
maximum stays fixed at the beam center, leading to identical evolution for the peak and center amplitudes.

Fig.  1(d) shows the evolution of the effective beam width 𝑎(𝑧) and the total beam power 𝑃 (𝑧). The power conserved during 
propagation, consistent with the conservative nature of the cubic nonlinear Schrödinger dynamics without gain/loss. The beam width 
remains nearly constant at the initial Gaussian value 𝑎(0) = 1.5. The slight breathing observed is attributed to the balance between 
diffraction and cubic nonlinearity. Together, the constant power and nearly invariant beam width confirm that the propagation is 
stable.

The variance (second moment) about the centroid is 

𝜎2𝑥(𝑧) =
1

𝑃 (𝑧) ∬
(

𝑥 − 𝑥cm(𝑧)
)2

|𝜓(𝑥, 𝑦, 𝑧)|2 𝑑𝑥 𝑑𝑦. (3)

𝑥𝑐𝑚(0)&𝑦𝑐𝑚(0) = 0 gives 

𝜎2𝑥(0) =
1
𝑃 ∬ 𝑥2𝐴2 exp

(

−
(𝑥2 + 𝑦2)

𝑎2
)

𝑑𝑥 𝑑𝑦. (4)

During propagation, nonlinear focusing or diffraction causes 𝜎 to decrease or increase, so tracking it provides a direct measure 
of beam broadening or compression. While 𝜎 quantifies the width, it does not reveal whether the profile is symmetric. To detect 
asymmetry, we evaluate the third normalized central moment, or skewness: 

𝑆𝑘𝑥(𝑧) =
1

𝑃 (𝑧) 𝜎3𝑥(𝑧) ∬
(

𝑥 − 𝑥cm(𝑧)
)3

|𝜓(𝑥, 𝑦, 𝑧)|2 𝑑𝑥 𝑑𝑦. (5)

For the Gaussian input profile, both 𝑆𝑘𝑥 and 𝑆𝑘𝑦 vanish since the integrands are odd functions whose integrals over symmetric limits 
cancel. Hence, the input beam is symmetric along both transverse axes, and any departure from zero skewness during propagation 
provides a direct measure of asymmetry induced by nonlinear effect. The skewness of the system which is given in Fig.  1(e) has 
vanishingly small value and indicate nontilt beam propagation.

The transverse Poynting vector components are obtained by integrating the local flux densities over the transverse plane. They 
are defined as 

𝑝𝑥(𝑧) = ∬ 𝑆𝑥(𝑥, 𝑦, 𝑧) 𝑑𝑥 𝑑𝑦, 𝑝𝑦(𝑧) = ∬ 𝑆𝑦(𝑥, 𝑦, 𝑧) 𝑑𝑥 𝑑𝑦, (6)

with 
𝑆𝑥(𝑥, 𝑦, 𝑧) =

𝑖
2
(

𝜓 𝜕𝑥𝜓
∗ − 𝜓∗ 𝜕𝑥𝜓

)

, 𝑆𝑦(𝑥, 𝑦, 𝑧) =
𝑖
2
(

𝜓 𝜕𝑦𝜓
∗ − 𝜓∗ 𝜕𝑦𝜓

)

. (7)

Since 
𝜓 𝜕𝑥𝜓

∗ − 𝜓∗ 𝜕𝑥𝜓 = −2𝑖ℑ
(

𝜓∗𝜕𝑥𝜓
)

, (8)

and similarly for the 𝑦-direction, the flux simplifies to 
𝑆𝑥 = ℑ(𝜓∗𝜕𝑥𝜓), 𝑆𝑦 = ℑ(𝜓∗𝜕𝑦𝜓). (9)

For the Gaussian input beam, 𝜓(𝑥, 𝑦, 0) is real and symmetric, and the derivatives 𝜕𝑥𝜓 and 𝜕𝑦𝜓 are also real functions. Therefore 
𝜓∗𝜕𝑥𝜓 and 𝜓∗𝜕𝑦𝜓 are purely real, making their imaginary parts vanish. As a result, 𝑆𝑥 = 𝑆𝑦 = 0 pointwise, and the integrated 
fluxes 𝑝𝑥(𝑧) and 𝑝𝑦(𝑧) remain zero during propagation. This confirms that, in the absence of gradient (𝑠 = 0), the beam carries no 
net transverse energy flow and its centroid remains fixed at the origin as in Fig.  1(e).

In the absence of gradient and potentials, the collision of two counter-propagating Gaussian beams serves as a reference 
benchmark for nonlinear interaction in two dimensions. At 𝑧 = 0, two well-separated beams are launched symmetrically about the 
origin. As they propagate, diffraction and cubic self-focusing drive the beams toward each other, leading to overlap and compression. 
A sharp intensity peak is reached around 𝑧 ≈ 300, marking the collision point as shown in Fig.  2. Following this interaction, the 
beams re-emerge with profiles similar to their initial shape, indicating a quasi-elastic collision.

The collision dynamics is quantified in Figs.  3(a–e). Panel (a) shows the evolution of beam in the 𝑥–𝑧 plane at 𝑦 = 0, clearly 
revealing the approach, overlap, and separation of the beams. Panel (b) plots the maximum intensity during propagation, which 
exhibits a sharp peak at the collision point. The shaded regions highlight pre- and post-collision intervals; the nearly equal peak 
levels indicate that the beams largely recover after interaction. Panel (c) shows the beam widths along 𝑥 and 𝑦, 𝑎𝑥(𝑧) and 𝑎𝑦(𝑧), 
together with the total power 𝑃 (𝑧). The power remains conserved throughout, confirming the conservative nature of the cubic 
nonlinear Schrödinger dynamics. The beam width exhibits a transient reduction at the collision, particularly along 𝑥 (the collision 
axis), while 𝑎 (𝑧) remains almost unaffected. Panel (d) compares lineouts along 𝑦 = 0: initially two separate lobes merge at collision 
𝑦

5 
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Fig. 2. Collision dynamics of two counter-propagating Gaussian beams at 𝜁 = 1, 𝑏 = 1.5, 𝐺3 = 0.06 and 𝑠 = 0.

Fig. 3. At 𝜁 = 1, 𝑏 = 1.5, 𝐺3 = 0.06, (a) Intensity |𝜓(𝑥, 0, 𝑧)|2 in the 𝑥–𝑧 plane at 𝑦 = 0, showing the beams approaching, colliding, and separating. 
(b) Evolution of the maximum intensity, highlighting the collision point (red circle) and shaded pre-/post-collision windows. (c) Beam widths 
𝑎𝑥(𝑧) and 𝑎𝑦(𝑧) together with the conserved total power 𝑃 (𝑧), showing transient compression in the 𝑥-direction during collision. (d) Lineouts of 
intensity along 𝑦 = 0, comparing initial and final beam profiles; the two input lobes survive the collision but with slight reshaping. (e) Lineouts 
along 𝑥 = 0, demonstrating broadening in the 𝑦-direction due to transverse energy redistribution.

and re-emerge with slight reshaping. Panel (e) shows the orthogonal cut along 𝑥 = 0, which broadens after collision, indicating 
energy redistribution in the transverse direction. Together, these results demonstrate that the two-beam interaction is symmetric, 
power conserving, and nearly elastic, with only minor reshaping.
6 
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Fig. 4. Asymmetric beam profile in nonlinear media at 𝜁 = 1, 𝑏 = 1.5, 𝐺3 = 0.06, and 𝑠 = 2.8.

In the presence of gradient asymmetry, 𝑠 = 2.8, the propagation dynamics deviate strongly from the symmetric behavior. As 
shown in Fig.  4(a), the beam snapshots reveal how the initial Gaussian profile evolves asymmetrically, with the peak intensity 
shifting off-center and sharper gradients forming on one side of the beam. This distortion arises from the steepening-induced 
intensity-dependent current, which redistributes energy across the transverse plane.
7 
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Global diagnostics provide quantitative confirmation of this behavior. In Fig.  4(b), the beam width is seen to increase steadily, 
while the conserved power ensures that energy is redistributed rather than lost. At the same time, Fig.  4(c) shows a divergence 
between the peak and center amplitudes: the central value decays while the maximum shifts outward. This shift is reflected in the 
centroid and peak positions plotted in Fig.  4(d), where a monotonic drift away from the origin indicates a net transport of energy 
in both transverse directions. Fig.  4(e) illustrate the collision of two Gaussian beams at 𝑠 = 2.8. The beams experience significant 
reshaping as they propagate and overlap. Initially separated double peaks gradually approach and strongly interact, leading to the 
formation of sharp, highly localized spikes. At the collision point 𝑧 ≈ 407, the maximum intensity rises drastically, indicating strong 
energy concentration induced by nonlinear gradient asymmetry. Beyond this point, the beams fail to recover their initial shape 
and instead evolve into a single, highly localized structure, showing clear evidence of inelastic interaction. This inelasticity can 
be attributed to the interplay between cubic nonlinearity and the steepening term, which breaks the left–right symmetry of the 
interaction. The steepening effect enhances higher-order spatial derivatives, amplifying local intensity gradients and driving energy 
flow toward the beam center. As a result, the system departs from quasi-elastic behavior, and the beams collapse into a localized 
peak with residual radiation around it. Finally, Fig.  4(f) illustrates the growth of skewness and transverse fluxes, confirming the 
emergence of asymmetric beam profiles and directed energy flow. Together, these results demonstrate that the gradient nonlinearity 
transforms a symmetric beam into a dynamically evolving structure with broken symmetry.

3. Incorporation of  −symmetric index profiles into beam propagation

To mitigate the gradient-induced asymmetry that emerges during nonlinear beam evolution, the refractive index of the medium 
is engineered through a  -symmetric design. In this framework, a balanced distribution of gain and loss regions, represented by the 
imaginary part of the refractive index, compensates for the nonlinear drift induced by self-steepening, while the real part provides 
the necessary waveguiding structure for beam confinement. Together, these components establish a non-Hermitian environment 
in which the interplay between gain, loss, and diffraction enables controlled, symmetric beam propagation. The potential which 
governs the beam is given as,

𝑆𝑥 = sech
(

𝑥 + 𝑥0
𝑘

)

+ sech
(𝑥 − 𝑥0

𝑘

)

, (10)
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𝑉𝑟(𝑥, 𝑦) = 𝑉0
(

𝑆𝑦 𝑆𝑥
)2, 𝑉𝑖(𝑥, 𝑦) = 𝑊0

(

𝑂𝑦 𝑆𝑥 + 𝑆𝑦 𝑂𝑥
)

, (14)

𝑉 = 𝑉𝑟 + 𝑖𝑉𝑖 (15)

𝑉𝑟(𝑥, 𝑦) is even in both 𝑥 and 𝑦, while 𝑉𝑖(𝑥, 𝑦) is odd under (𝑥, 𝑦) ↦ (−𝑥,−𝑦). Hence the overall potential satisfies the  −symmetry 
condition 

𝑉𝑟(𝑥, 𝑦) = 𝑉𝑟(−𝑥,−𝑦), 𝑉𝑖(𝑥, 𝑦) = −𝑉𝑖(−𝑥,−𝑦). (16)

𝑉0 sets the strength of the real index modulation, 𝑥0/𝑦0 and 𝑘 control the potential well separation and localization width, and 𝑊0
defines the gain–loss amplitude. This specific potential considered here is not unique. It is adopted as a representative example of a 
smooth, spatially localized gain–loss distribution that satisfies the  −symmetry condition. Other  −symmetric or non-Hermitian 
index profiles may lead to qualitatively similar stabilization effects, which can have scope for future studies.

The governing MNLS equation is expressed as:

𝑖 𝜕
𝜕𝑧
𝜓(𝑥, 𝑦, 𝑧) + 𝜁∇2

⟂𝜓(𝑥, 𝑦, 𝑧) + 𝛽1(𝑥, 𝑦)|𝜓(𝑥, 𝑦, 𝑧)|
2𝜓(𝑥, 𝑦, 𝑧) +

(

𝑉𝑟(𝑥, 𝑦) + 𝑖𝑉𝑖(𝑥, 𝑦)
)

𝜓(𝑥, 𝑦, 𝑧)+

𝑖𝑠
(

𝜕
𝜕𝑥

+ 𝜕
𝜕𝑦

)

(

|𝜓(𝑥, 𝑦, 𝑧)|2𝜓(𝑥, 𝑦, 𝑧)
)

= 0, (17)

To quantify the internal redistribution of the energy, we examine the total beam power, and its evolution rate, 𝑑𝑃∕𝑑𝑧, which is 
theoretically related to the overlap integral. 

𝑑𝑃
𝑑𝑧

= ∬
𝜕
𝜕𝑧

(𝜓∗𝜓)𝑑𝑥𝑑𝑦, (18)

𝑑𝑃 =
(

𝜓∗ 𝜕𝜓 + 𝜓
𝜕𝜓∗)

𝑑𝑥 𝑑𝑦. (19)

𝑑𝑧 ∬ 𝜕𝑧 𝜕𝑧
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Fig. 5.  Evolution of the overlap integral 𝐼(𝑧) (top), total beam power 𝑃 (𝑧) (middle), and its propagation derivative 𝑑𝑃∕𝑑𝑧 (bottom) for different 
values of the imaginary potential strength 𝑊0 at 𝜁 = 1, 𝑏 = 1.5, 𝑘 = 1.5, 𝐺3 = 0.06, and 𝑠 = 2.8.

Substitute the governing MNLS equation into this evolution equation for the total power variation. The diffraction term and the 
nonlinear-gradient contribution come as total spatial derivative terms. Upon integration over the entire transverse plane, these 
contributions vanish due to the imposed boundary conditions,

𝜓 → 0, ∇𝜓 → 0 as |(𝑥, 𝑦)| → ∞,

which are satisfied by localized beam solutions. Consequently, the net power variation is entirely determined by the imaginary 
part of the  -symmetric potential. Therefore, the quantity 𝐼(𝑧) serves as a direct measure of the gain–loss exchange between the 
propagating optical beam and the surrounding medium. 

𝑑𝑃 = 2𝐼(𝑧) where 𝐼(𝑧) = 𝑉𝑖(𝑥, 𝑦)|𝜓|
2𝑑𝑥𝑑𝑦 (20)
𝑑𝑧 ∬
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Fig. 6.  (a) Imaginary part of the  −symmetric potential (b) Evolution of the transverse intensity distribution showing that the  -symmetric 
gain–loss profile sustains a symmetric and localized beam. (c) Skewness and transverse flux evolution, where both quantities remain close to 
zero, indicating suppression of asymmetry and balanced energy flow. (d) Evolution of propagation derivative of non steepening beam.

Here, 𝐼(𝑧) measures the net power exchange between the beam and the imaginary component of the field. Figs.  5(a–e) display 
𝐼(𝑧), 𝑃 (𝑧), and 𝑑𝑃∕𝑑𝑧 for various 𝑊0 values, highlighting how the balance between nonlinear flux and gain/loss determines beam 
stability.

For 𝑊0 = 0, 𝐼(𝑧) remains nearly zero and 𝑃 (𝑧) approximately constant, indicating a conservative system with no external energy 
coupling. For low gain/loss strength (𝑊0 = 0.2–0.5), 𝐼(𝑧) remains negative throughout propagation, signifying dominant loss and 
a gradual decay of total power. The derivative 𝑑𝑃∕𝑑𝑧 closely follows 2𝐼(𝑧), confirming that the reduction in 𝑃 (𝑧) originates from 
consistent power leakage.

For the intermediate gain–loss strength 𝑊0 = 1, where the competing effects of gain and loss almost balance each other, 𝐼(𝑧)
exhibits a nonmonotonic evolution—initially negative, reflecting weak attenuation, and later positive as the gain becomes more 
influential. Consequently, 𝑃 (𝑧) first decreases slightly and then recovers, forming a shallow minimum at the point where 𝐼(𝑧) changes 
sign. The close agreement between the numerically computed 𝑑𝑃∕𝑑𝑧 and the analytical 2𝐼(𝑧) confirms that the power exchange 
follows the expected conservation relation. Physically, this case represents the transition threshold: asymmetry–induced energy flux 
is nearly counteracted by the imaginary index modulation, resulting in a state of marginal energy exchange and minimal beam 
distortion. Moreover, variation of the power is much less.

Beyond this regime (e.g., 𝑊0 ≈ 1.3), 𝑃 (𝑧) and 𝑑𝑃∕𝑑𝑧 increases, as shown in Figs.  5(f–g), demonstrating the instability of beam 
propagation. The underlying mechanism for stable beam propagation is clear here. The nonlinear-gradient term generates an internal 
transverse energy flux that simultaneously drives beam drift and redistributes optical power away from the beam center, with a 
10 
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Fig. 7. Statistical measures of the beam: (a) centroid and peak positions (b) peak and center amplitudes (c) beam width with total power. The 
near coincidence of centroid and peak, along with confined width and stable amplitude, confirms robust beam propagation in the balanced 
 -symmetric regime. (d) Stability characteristics of the two-dimensional beam in the (𝑊0, 𝑠) plane. (e) Dynamical regulation of energy flow in 
 -symmetric regime during collision of beams.

strength that scales with the self-steepening parameter 𝑠. The antisymmetric imaginary component of the  −symmetric potential 
introduces an external gain–loss-induced flux of opposite sign, whose magnitude is controlled by the parameter 𝑊0. Because both 
contributions act as competing fluxes with monotonic dependence on , their cancellation occurs at a unique value of 𝑊0 and 𝑠, giving 
rise to the observed one-to-one balance condition and the simultaneous suppression of transverse drift and amplitude variation.

For the potential, which is shown in Fig.  6(a), with 𝑉0 = 0, and 𝑊0 = 1.28, Fig.  6(b) demonstrates that the initial Gaussian 
evolves in a confined manner without exhibiting unbounded spreading or decay. Although the gradient nonlinearity tends to reshape 
the beam, the antisymmetric gain–loss distribution of the  -symmetric potential stabilizes the propagation, resulting in a nearly 
symmetric field that remains localized around the origin throughout the evolution.

The beam statistics in Fig.  6(c) provide further evidence of this stabilization. The skewness remains close to zero, confirming 
the absence of strong asymmetry in the transverse intensity distribution. Similarly, the transverse fluxes 𝑝𝑥 and 𝑝𝑦 fluctuate near 
zero, reflecting the balanced inflow and outflow of energy inherent to  −symmetric configurations. 𝐼(𝑧) > 0 → hence 𝑑𝑃∕𝑑𝑧 > 0
as shown in Fig.  6(d), which means the total power increases gradually along propagation. Even though visually the beam looks 
stationary (no drift, no deformation), the imaginary component of the potential continues to provide a net gain flux toward the 
beam center. But, this does not indicate instability — it is a marginally amplifying steady state.
11 
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The centroid positions (𝑥𝑐𝑚, 𝑦𝑐𝑚) and the peak positions (𝑥peak, 𝑦peak) in Fig.  7(a) stay close to the beam center with only minor 
oscillations, showing that the potential suppresses drift and traps the beam in a stationary regime. The peak and central amplitudes 
shown in Fig.  7(b) evolve in phase, indicating that no secondary off-axis maxima develop during propagation.

The beam width 𝑎(𝑧) remains nearly constant, while the total power 𝑃 (𝑧) undergoes a controlled increase as in Fig.  7(c). Fig.  7(d) 
illustrates the stability characteristics of the two-dimensional beam in the (𝑊0, 𝑠) plane. The color shading encodes the amplitude 
variation 𝛥𝐴, while the black dashed curve traces the set of points where 𝛥𝐴 = 0, signifying energy balance between asymmetry 
and  −symmetric gain/loss. In parallel, the green and blue contours correspond to vanishing centroid displacement along the 
𝑥- and 𝑦-axes, respectively. The points where these curves intersect highlight parameter pairs (𝑊0, 𝑠) at which the beam preserves 
both its amplitude and spatial location, thus realizing a completely stabilized state. The map demonstrates that for a given 𝑠, two 
𝑊0 values can nullify amplitude variation, but only one of them simultaneously removes transverse drifts in both directions. This 
dual condition is more restrictive in two dimensions, as stability requires suppression of motion along both 𝑥 and 𝑦 axes in addition 
to conserving power. For example, the coordinate (𝑊0 = 0.6, 𝑠 = 1.2) represents such a balance point, where the flux arising from 
steepening gradients is counteracted by the  −symmetric gain/loss profile, along with cancellation of centroid drift. Overall, the 
diagram delineates regions of partial balance (amplitude-conserved but drifting beams) from the narrow curve corresponding to 
fully trapped and stable 2D localized states. Moreover, as the asymmetry parameter increases, the imaginary potential coefficient, 
which balances the beam, increases.

The collision sequence between the beams also reveals that the  −induced gain/loss balance dynamically regulates the energy 
flow and prevents unidirectional drift and suppresses the formation of steep intensity gradients, leading to a quasi-reversible collision 
process even in a strongly nonlinear, self-steepening regime. The narrowing of beam corresponds to the approach and overlap of the 
beams, while its subsequent broadening marks their separation after interaction. This has been shown in Fig.  7(e). The comparative 
collision dynamics observed in the three cases (𝑠 = 0, 𝑠 ≠ 0, and the balanced 𝑠–𝑊0 configuration) demonstrate that, while gradient 
nonlinearity alone enhances asymmetry and deformation during interaction, the balanced configuration enables solitons to recover 
their profiles after collision. This behavior indicates that the stabilization mechanism is robust rather than accidental and is not 
limited to ideal single-beam propagation, but remains effective during beam–beam interactions.

To systematically identify the potential shapes that compensate the asymmetry, we mapped the potential width parameter (𝑘)
(which controls the transverse localization of the imaginary profile) as a function of 𝑠 in Fig.  8(a). Three loci in the (𝑠, 𝑘)-plane, 
𝛥𝐴 = 0, 𝑥𝑠ℎ𝑖𝑓 𝑡 = 0, 𝑦𝑠ℎ𝑖𝑓 𝑡 = 0 denote potential widths that exactly counterbalance both the amplitude change and centroid drift for 
the given 𝑠 at 𝑊0 = 0.4. The monotonic decrease of 𝑘 with 𝑠 indicates that stronger asymmetry requires more tightly localized 
imaginary potentials to restore balance. The near-coincidence of the three curves over much of the diagram demonstrates that 
amplitude and positional balance can be achieved simultaneously for a single potential shape. When the curves diverge, separate 
tuning of amplitude and centroid conditions are required. Intersection points (marked in the plot) therefore identify practical design 
targets for experimental realization where both energetic and spatial equilibria are met.

Fig.  8(b) illustrates the combined influence of the potential offset parameters (𝑥0, 𝑦0) and 𝑠 on the balancing imaginary potential 
coefficient 𝑊0 = 0.4. Stabilization condition achieved by 𝑊0 = 0.4 is for 𝑠 = 0.8 and 𝑥0 = 𝑦0 = 0.2. As the separation parameters 
𝑥0 and 𝑦0 increase, the centers of the gain and loss regions in the  -symmetric potential move farther away from the beam’s 
intensity maximum, thereby reducing the spatial overlap between the optical field and the regions where energy exchange occurs. 
Consequently, a higher gain/loss strength 𝑊0 is required to achieve the same level of balance between the nonlinear self-steepening-
induced energy flow and the compensating  -induced flux. This trend is consistent across all values of 𝑠: for larger asymmetry 
coefficients, the nonlinear gradient pushes energy outward more strongly, and thus the system demands proportionally higher 
𝑊0 values to restabilize the beam. In summary, the figure demonstrates that both increasing the potential separation (𝑥0, 𝑦0) and 
enhancing the derivative nonlinearity strengthen the requirement for a larger imaginary potential amplitude to maintain stationary 
propagation without drift or distortion.

The diffraction coefficient is another control knob, which reduces the transverse gradients and smoothens the intensity profile 
like the imaginary potential. As 𝜁 increases, the natural spreading of the beam becomes more pronounced, which smooths the sharp 
intensity gradients responsible for the derivative nonlinearity-induced drift. Consequently, the nonlinear energy flux that tends to 
drive the beam outward from its center becomes weaker, and a smaller imaginary potential is sufficient to counterbalance it, as 
shown in Fig.  8(c). This inverse dependence 𝑊0 on 𝜁 reveals that stronger diffraction enhances the system’s ability to restore spatial 
symmetry. However, Fig.  8(d) shows that this stabilization comes at the cost of reduced peak amplitude. With higher diffraction, 
the beam expands transversely, and its central intensity decreases because the total optical power is redistributed over a broader 
region. Thus, increasing diffraction effectively suppresses the self-steepening-driven beam shift but cannot recover the lost intensity, 
leading to a spatially balanced yet energetically weakened beam.

When the real potential is gradually introduced, the system exhibits periodic oscillations in the beam amplitude during 
propagation as in Figs.  8(f)–(h). This behavior arises from the interplay between the confining effect of the real potential and 
the spreading tendency due to diffraction. Initially, the real potential focuses the beam, increasing its amplitude; as the field 
becomes highly localized, diffraction becomes dominant, pushing energy outward and lowering the peak. This focusing–defocusing 
cycle repeats, producing amplitude oscillations around a quasi-equilibrium state. Thus, while the drift is suppressed primarily by 
diffraction, the inclusion of the real potential introduces breathing-type amplitude modulation, reflecting a dynamic balance between 
potential trapping and diffractive broadening.
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Fig. 8. (a): Parameter tuning for stabilized propagation without amplitude variation and beam shift at (a): 𝑊0 = 0.4, 𝑥0 = 𝑦0 = 0.2 (b): 𝑊0 = 0.4, 
𝑘 = 1.5 (c): At 𝑥0 = 𝑦0 = 0.2 variation of balancing potential with diffraction (d): Final beam width and amplitude as function of 𝜁 . (e): Potential 
distribution at 𝑉0 = 0.6, 𝑊0 = 0.1, 𝑥0 = 𝑦0 = 0.2, 𝑘 = 1.5. (f)–(h) Effect of increasing real potential depth 𝑉0 on soliton propagation for 𝑠 = 2.8 and 
𝑊0 = 0.1 and 𝜁 = 18.

4. Perturbation analysis and growth-rate evaluation

Perturbation analysis provides a fundamental tool for assessing the dynamical stability of soliton solutions. In real optical systems, 
solitary waves are subject to unavoidable fluctuations in refractive index, gain, loss, or nonlinear response. To test their robustness, 
a small complex perturbation 𝛿𝜓(𝑥, 𝑦, 𝑧) is added to the initial field 𝜓(𝑥, 𝑦, 𝑧), and its evolution is monitored during propagation. If 
the perturbation amplitude ‖𝛿𝜓(𝑧)‖ increases exponentially with 𝑧, the soliton is unstable and will eventually deform or disintegrate. 
In contrast, when ‖𝛿𝜓(𝑧)‖ remains bounded or decays, the soliton is dynamically stable and can propagate over long distances.

To investigate the linear stability of nonlinear modes in the two-dimensional  −symmetric system, we consider a perturbed 
field 𝜓(𝑥, 𝑦, 𝑧) = 𝜙(𝑥, 𝑦) + 𝛿𝜓 , where 𝜙 is a localized reference profile and 

𝛿𝜓(𝑥, 𝑦, 0) = 𝜖 𝜙(𝑥, 𝑦) 𝜂(𝑥, 𝑦) + 𝜖 𝜉(𝑥, 𝑦), (21)
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Fig. 9. (a)–(d): Evolution of the perturbation norm log‖𝛿𝜓(𝑧)‖ for different values of the gain–loss strength 𝑊0 𝜖 = 10−2. (e)–(h): Normalized 
power evolution 𝑃 (𝑧)∕𝑃 (0) for different values of the gain–loss amplitude 𝑊0 with 𝜖 = 10−2. For small 𝑊0, the power remains nearly constant, 
whereas larger 𝑊0 introduces significant loss imbalance and power depletion during propagation.

with 𝜂, 𝜉 being complex random fields of small amplitude and 𝜖 is small coefficient enhancing the perturbation. The evolution is 
governed by 

𝑖
𝜕𝜓
𝜕𝑧

= 𝐿[𝜓] +𝑁[𝜓], (22)

where 𝐿 contains diffraction and the complex  -symmetric potential, and 𝑁 contains the cubic nonlinearity and nonlinear gradient 
term.

Linearization around 𝜙 yields the Bogoliubov–de Gennes (BdG) system 

𝑖 𝜕
𝜕𝑧

(

𝛿𝜓
𝛿𝜓∗

)

=
(

𝐿 +𝑀 𝐴
−𝐴∗ −(𝐿 +𝑀)∗

)(

𝛿𝜓
𝛿𝜓∗

)

, (23)

where 𝑀 = (𝜕𝑁∕𝜕𝜓)|𝜙 and 𝐴 = (𝜕𝑁∕𝜕𝜓∗)|𝜙 arise from the derivatives of the nonlinear terms. The eigenvalues 𝜆 of Eq. (23) govern 
the perturbation dynamics, with ℜ(𝜆) > 0 indicating growth.

In two spatial dimensions, the BdG matrix is prohibitively large and is therefore not constructed numerically. Instead, stability 
is assessed dynamically by evolving both a perturbed field 𝜓 and an unperturbed reference field 𝜓un = 𝜙 using a Crank–Nicolson 
scheme in which the linear operator is treated implicitly and the nonlinear terms explicitly. The instantaneous perturbation 

𝛿𝜓(𝑧) = 𝜓(𝑧) − 𝜓un(𝑧) (24)

is monitored during propagation. Because the initial random disturbance excites all BdG modes, its evolution can be written formally 
as 

𝛿𝜓(𝑧) =
∑

𝑗
𝑐𝑗𝑢𝑗𝑒

𝜆𝑗𝑧, (25)

so that, in the linear regime, the dominant mode satisfies 
‖𝛿𝜓(𝑧)‖ ∼ 𝑒ℜ(𝜆max)𝑧. (26)

Accordingly, the instability exponent is obtained by fitting a straight line to log ‖𝛿𝜓(𝑧)‖ versus 𝑧, providing a dynamic estimate of 
the leading BdG growth rate without explicitly forming the BdG operator. The evolution of the perturbation norm ‖𝛿𝜓(𝑧)‖ which 
provides a clear dynamical signature of the stability of localized modes under variations of the imaginary potential strength 𝑊0
is shown in Fig.  9. For each fixed value of the nonlinear gradient coefficient 𝑠, there exists a specific value of 𝑊0 for which the 
perturbation norm remains minimal throughout propagation. For instance, when 𝑠 = 0.5 the smallest perturbation growth occurs 
at approximately 𝑊 ≃ 0.25, while for 𝑠 = 0.8 the balancing point shifts to about 𝑊 ≃ 0.40, for 𝑠 = 1.6 𝑊 ≃ 0.75 and for 𝑠 = 2, 
0 0 0
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𝑊0 ≃ 0.93 and these values are in agreement with the unperturbed case discussed initially in Fig.  7(d). For values of 𝑊0 either 
below or above this balancing point, the perturbation norm grows significantly faster. When 𝑊0 is smaller than the balancing value, 
the imaginary potential is insufficient to counteract the nonlinear-gradient-induced transverse momentum, leading to a drift-type 
instability. This manifests as a steady increase in ‖𝛿𝜓(𝑧)‖. When 𝑊0 exceeds the balancing value, the excess gain–loss asymmetry 
introduces an imbalance between the two sides of the localized mode, producing gain-induced deformation and again resulting in 
enhanced perturbation growth. Thus, both sides of the balancing point lead to stronger instability, and only a narrow interval of 
𝑊0 yields robust behavior.

The evolution of the beam power 𝑃 (𝑧) = ∫ |𝜓(𝑥, 𝑦, 𝑧)|2 𝑑𝑥 𝑑𝑦 provides an additional indicator of the dynamical balance in the 
 −symmetric system. For each value of 𝑠, the power curves exhibit a characteristic non-monotonic behavior near the balancing 
value of the gain–loss strength 𝑊0. At this particular value (for example, 𝑊0 ≈ 0.25 when 𝑠 = 0.5, and 𝑊0 ≈ 0.40 when 𝑠 = 0.8), the 
power initially decreases slightly due to diffraction and the effective nonlinear loss induced by the self-steepening term, but after a 
short propagation distance it stabilizes and begins to increase. This turning point indicates that the imaginary potential has reached 
the exact strength needed to compensate the nonlinear-gradient-induced energy flow.

For 𝑊0 below this balancing value, the gain is too weak to counteract the self-steepening and diffraction effects, leading to 
a monotonic decrease in the power throughout the evolution. In contrast, when 𝑊0 is larger than the balancing value, the gain 
dominates, and the beam power grows rapidly from the beginning of the propagation. Thus, the non-monotonic behavior—initial 
decrease followed by increase—appears only at the unique value of 𝑊0 where gain, loss, diffraction, and nonlinear-gradient effects 
are exactly balanced. This behavior complements the perturbation-norm analysis and provides a clear signature of the parameter 
regime in which stable  −symmetric soliton propagation is achieved.

The stability analysis employed here is based on the dynamical evolution of small-amplitude perturbations superimposed on 
stationary soliton solutions. Unlike a full Bogoliubov–de Gennes analysis, this approach does not yield the complete linear eigenvalue 
spectrum. However, it directly probes the dominant physically relevant instability channels and captures power redistribution and 
nonlinear feedback effects. The extracted growth rates can be regarded as reliable indicators of linear stability provided that the 
perturbations remain sufficiently small and the analysis is restricted to the initial exponential growth regime before nonlinear 
saturation sets in.

5. Conclusion

In this work, we have established a comprehensive framework for understanding and controlling the dynamics of self-steepening-
induced asymmetric solitons in two-dimensional nonlinear media. By incorporating a  −symmetric complex refractive-index 
landscape into the modified nonlinear Schrodinger equation (MNLS), we demonstrated that the intrinsic gradient flows generated 
by the nonlinear gradient term can be counterbalanced through a carefully engineered distribution of gain and loss. Our systematic 
parameter scans revealed that the imaginary component of the potential plays the primary role in suppressing transverse drift, while 
diffraction and the real part of the potential assist in restoring amplitude and spatial confinement.

A key finding of this study is the existence of a unique balancing point for every self-steepening strength (s), characterized by a 
corresponding gain/loss coefficient (𝑊0), at which the beam’s centroid remains pinned and the soliton maintains its shape. Increasing 
the diffraction coefficient (𝜁 )can reduce the drift even for small (𝑊0), but this alone cannot prevent the rapid decay of amplitude. 
Introducing the real potential modifies the transverse energy flow and leads to characteristic oscillations in peak amplitude — arising 
from intermittent dominance of diffraction, nonlinearity, and potential-induced focusing — which we interpreted as a nonlinear 
breathing behavior within a non-Hermitian landscape.

In addition to single-beam propagation, the robustness of the stabilized solitons was further examined through soliton–soliton 
collision dynamics under different regimes, including the absence of self-steepening, uncompensated self-steepening, and the 
balanced self-steepening with  −symmetric gain–loss configuration. While collisions constitute strong perturbations that can 
enhance asymmetry and deformation, the balanced solitons were found to recover their structural integrity after interaction. This 
demonstrates that the stabilization mechanism identified in this work is robust rather than accidental and is not limited to ideal 
isolated propagation conditions.

The stability of the beam propagation analyzed in the perturbed system, and monitored the growth evolution. It provides a clear 
signature of the parameter regime in which stable  −symmetric soliton propagation is achieved.

The mapping of stability across system parameters (𝑠,𝑊0, 𝜁 , 𝑉0, 𝑥0, 𝑦0) provides a quantitative guideline for designing non-
Hermitian optical platforms capable of robust soliton transport. The methods and insights developed here pave the way for further 
exploration of  −controlled nonlinear localization, including higher-order solitons, vector beams with cross-phase modulation, 
and dynamically reconfigurable complex potentials.

Beyond fundamental interest, the proposed stabilization mechanism enables several concrete photonic functionalities. The 
suppression of self-steepening-induced beam walk-off provides a practical route toward drift-free soliton channels in planar and 
femtosecond-laser-written waveguides, where strong nonlinear gradients typically limit propagation fidelity. The parameter-selective 
balance between self-steepening and gain–loss further allows controlled nonlinear beam steering and routing by adjusting either 
the input intensity or the imaginary potential strength. Moreover, the coexistence of shape-preserving propagation with regulated 
power evolution suggests applications in spatial soliton amplifiers, where the beam profile remains intact while its energy is 
controlled through non-Hermitian coupling. In two-dimensional settings, the demonstrated control over transverse energy flow is 
particularly relevant for mode management in photonic lattices and highly nonlinear waveguides, where stable localization under 
strong nonlinear perturbations remains a longstanding challenge. Moreover, the stabilization mechanism discussed in this paper can 
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find applications in spatial mode selection and precision control of nonlinear energy channels, thereby extending applicability to 
advanced optical communication, nonlinear imaging, and photonic lattice engineering.

The present study opens several directions for future research. Extensions to higher-order nonlinear-gradient terms, nonlocal or 
saturable nonlinearities, and alternative classes of  −symmetric or non-Hermitian potentials may further enrich the understanding 
of transverse energy redistribution and stabilization mechanisms. Moreover, a systematic linear stability analysis, along with 
investigations of multi-soliton interactions and possible experimental realizations in engineered optical platforms, would be 
important steps toward assessing the robustness and applicability of the proposed framework.
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