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This work investigates the evolution of nonlinear eigenmodes in one-dimensional (1D)
and two-dimensional (2D) optical systems with P7-symmetric sinusoidal complex poten-
tials, which supports real eigenvalue spectra up to the symmetry-breaking threshold.
Numerical results show that in 1D and 2D systems, when nonlinearity increases, the
threshold potential decreases. However, a deeper real potential increases the threshold
in 1D, while it destabilizes the 2D optical beam as illustrated in the stability charts.
Below this threshold, eigenfunctions exhibit symmetric behavior with smooth phase
variations and no abrupt changes in energy flux. In contrast, the broken P7-symmetric
phase results in asymmetric eigenfunctions, indicating the instability. Stability analy-
sis using Bogoliubov—de Gennes (BDG) matrix method and the propagation dynamics
confirmed that eigenstates remain stable under small perturbations below the threshold
but lose stability once the imaginary potential exceeds the threshold. Understanding the
behavior of eigenmodes in P7-symmetric potentials enables advanced control over beam
profiles, potentially benefiting high-precision sensors, lasers, and optical trapping.

Keywords: 2D nonlinear system; bright soliton; P7-symmetric potential; stability
analysis; energy flux.

1. Introduction

The exploration of parity-time (P7) symmetric structures has significantly deep-
ened our understanding of quantum mechanics and revolutionized the field of
optics I Since Bender and Boettcher’s seminal work 29 it has been established that
PT-symmetric Hamiltonians can have real eigenvalue spectra despite being non-
Hermitian. The parity operator P turns p to —p, T to —, and the time reversal
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operator T shifts p to —p, T to z, and i to —i, where p and & are momentum
and position operators. The Hamiltonian of a system is stated as H= % + V(x),
in which m is mass and V(z) the complex potential. Let the Hamiltonian be P7-
symmetric when PT'H = HPT is satisfied, which demands that V () = V*(—z) 28
This enchanted phenomenon occurs when the real part of the potential is an even
function of the position while the imaginary part, which represents gain and loss,
is an odd function ™ The introduction of P7T— symmetry in optics stimulated
the development of new optical lattices, lasers, meta-materials and broadened the
scope of optical physics and engineering 1213

One of the most significant aspects of the optical P7-symmetric structures is
the presence of a phase transition, specifically for periodic P7 potentials® All
eigenvalues are real under this threshold. However, as the magnitude of the gain—
loss term crosses this limit, complex eigenvalues develop, and the intensity of the
light beam varies throughout the propagation.

Incorporating P7-symmetry in soliton systems is a rich and expanding area
of research, where solitons are reinforced beams that propagate in conservative
nonlinear media by balancing spatial diffraction and self-focusing/defocusing non-
linearity ™15 In systems like P7T-symmetric systems, which represent a specialized
category of dissipative media, the spatially balanced gain and loss are balanced to
satisfy the parity-time (P7) symmetry condition. This balance ensures that the
system behaves as a boundary between fully conservative systems, where energy
is preserved, and generic dissipative systems, where energy is either lost or gained
overall. Researchers can create new forms of solitons in nonlinear P7-symmetric
system with distinct properties that can be used in optical communications, non-
linear optics, and other fields of physics by leveraging the gain—loss balance in
these systems. These structures, which are identified by a precise balance of gain
and loss, thus reveal new symmetry aspects that challenge the norms of physics
concepts and open new opportunities for developing unique photonic devices with
better functionality.

Nonlinear interactions in fibers are usually cubic, although some structures pro-
duce both the cubic and quintic (CQ) nonlinearities. This demonstrates that the
refractive index of the medium is modified by both cubic (Kerr) and quintic ele-
ments of the beam intensity as n(l) = ng + nal + nal?, where ng is the linear
refractive index, ngy is the coefficient of the cubic nonlinearity, n4 is the coefficient
of the quintic nonlinearity, and I is the intensity of the light. In double-doped opti-
cal fibers, where the kind of dopant varies throughout the fiber, the values of the
cubic and quintic elements that govern the nonlinearities can be modulated 1620

Solitons are divided into one-dimensional (1D) and two-dimensional (2D) types
based on their spatial localization. 1D solitons are stable, localized wave packets in
a single spatial dimension, commonly observed in optical fibers where they balance
nonlinearity and diffraction. In contrast, 2D solitons, localized in two spatial dimen-
sions, carry complex dynamics and are more challenging to stabilize due to their
susceptibility to collapse. These solitons play a crucial role in planar waveguides
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and photonic crystals. In recent times, researchers explored optical solitons in P7 -
symmetric non-conservative systems using coupled Kerr and quintic nonlineari-
ties2IH2I The system experiences a phase shift that causes P7 -symmetry break-
down, above a specific complex potential threshold 2%

Several significant theoretical studies and experimental investigations have
advanced the understanding and application of P7-symmetric systems. Key contri-
butions include the double refraction, and power oscillations in P7 -symmetric sys-
tem23 An overview of the theoretical framework and implementation strategies for
PT-symmetry in optics29 along with the exploration of spontaneous P7-symmetry
breaking in disordered optical lattices? has been discussed. Experimental work has
provided insight into P7-symmetry breaking in AlGaAs materials® and the prop-
agation of optical beams in iron-doped LiNbO3 5 Further studies have delved into
wave mechanics in P7-symmetric periodic systems1? such as jamming anomalies
during power transfer in P7-symmetric coupled modes with cubic nonlinearity22
There are some works which analyzed the stability of cubic eigenmodes within
PT -symmetric parabolic potential fields28 beam propagation in defocusing non-
linear PT-symmetric Scarfl-II potential system 2230 stability of dark solitons in
PT -symmetric Gaussian and super-Gaussian potential 2132 nonlinear eigenmodes
in hyperbolic complex potential 23 stability of nonlinear waves in P7-symmetric
quartic harmonic potential 34 instability of eigenmodes in P7-symmetric Rosen—
Morse system and stable beam propagation in modified Rosen—Morse system 245
the input power-dependent switching dynamics in with P7-symmetric Scarf-II bar-
rier potential coupled system28 etc. These works have been pivotal in advancing
the field of P7-symmetric nonlinear systems.

Following the exploration of 1D solitons, 2D solitons have garnered significant
attention due to their dynamics and potential applications in advanced photonic
systems. Numerous studies have investigated the formation, stability, and behav-
ior of 2D solitons in various nonlinear P7-symmetric systems which include the
stability of 1D and 2D beams in P7-symmetric saturable nonlinear medium sup-
ported with Scarff-potential 37 stability of (2 + 1)-dimensional solitons in spatio-
temporal dispersive medium with quadratic-cubic nonlinearity® a novel genre of
1D and 2D nonlinear modes and the study of its bandgap structure present in
PT-symmetric wells and lattices I the development and propagation of (2 + 1)D
stationary solutions in the P7-symmetric potential 22 gap solitons supported by
2D PT-symmetric optical lattices with fourth-order diffraction® exploration of
self-defocusing beam in P7-symmetric 1D and 2D systems supported by Scarff-
IT potential 2 the existence of symmetry breaking of optical solitons in (1 + 1)D
PT-symmetric CQNLS system with the fourth-order diffraction 42 propagation of
beam in 2D CQ sytem with annular potential® the propagation dynamics of 2D
multi-peak solitons in the optical lattices® numerical simulation of 2D solitons
in nonlocal nonlinear P7-symmetric Scarfl-IT system 23 stability domains of 2D
gap solitons in cubic quintic PT symmetric system with fractional diffraction8
localized eigenmodes in 2D P7-symmetric Rosen—Morse system, etc.
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This work explores 1D and 2D fundamental and excited (overtone) eigenmodes
in a self-focusing CQ nonlinear P7 -symmetric sinusoidal potential field. This study
investigates how the imaginary field affects P7— symmetry collapse. Section
explains the physical model that represents the system and discusses how the real
and imaginary parameters of complex potential and the order of the nonlinear
function affect the eigenvalue spectra of 1D and 2D systems. Section 3 analyzes the
stability of the beam under perturbation and Sec. [ goes over the stability of the
beam during propagation both in 1D and 2D systems. Section [f] concludes.

2. Mathematical Framework and System Dynamics

The evolution of complex wave functions in nonlinear media is described by the
nonlinear Schrodinger equation (NLSE) having the form in 1D CQ system as

31/)(1’72) 821/)(:1772) 2
28D | PV | gy, e )
+52|1/)(17»Z)|4¢($7Z) + V(fl?)l/)(ffvz) =0, (1)

where § and 35 are Kerr and quintic nonlinearities, respectively, ¢ stands for the
coefficient of diffraction, V' (x) is the complex PT-symmetric potential field, and
¥ (x,z) is the amplitude of the beam which is propagating along z direction and
confined along x direction. If the nonlinearity implied by § and (s is greater than
zero, the medium is self-focusing, whereas 3, f2 < 0 suggest a defocusing one. In
2D nonlinear system, NLSE has the following form:

2 2
Q2] ¢ (TUEpE) y TUEBE ) Gl ) Pl 2
+ Boltp(z,y, 2)| (2, y, 2) + V(z, y)v(z, y, 2) =0, (2)

where ¢(x, y, ) is the spatial profile of the beam, describing how its amplitude and
phase modify along the propagation path(z) and across the transverse plane(z,y).
The optical beam is driven by the P7-symmetric potential of the form in 1D system

V(z) = Vi cos?(x) 4+ W sin(z) cos(z), (3)

where V) and W are the coefficients of the real and imaginary components of the
potential, respectively. In 2D system, it is

V(z,y) = Vylcos? (x) + cos®(y)] + iW [sin(x) cos(z) + sin(y) cos(y)]. (4)

The real part of the potential stands for the waveguiding and the imaginary part
for the gain/loss (in the system) that constitutes the potential. Variation of the
potential as a function of spatial coordinate is given in Fig. [l In this work, we
examine how the system parameters affect the stationary solution of the NLSE
in 1D and 2D systems by analyzing the eigenvalues and eigenfunctions. For this,
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(a) Vo =04, W =05 (b) Vo =04, W =05 (c) Vo =04, W =05

Fig. 1. The evolution of complex P7-symmetric potentials for Vo = 0.4, W = 0.5 (a) V;- and V;
of 1D potential (b) V;. of 2D potential (c) V; of 2D potential.

consider a stationary solution for eigenvalue equations, having the following form:
U(x,z) = p(x)e” ()

and
D@y, z) = pla,y)e” 2. (6)

¢(x) is a complex wave field independent of the propagation coordinate z and
defined in spatial coordinate a while ¢(z,y) is stationary profile in @ — y domain
and g is the constant of propagation with both real and imaginary components.

= fhr i (7)

The function ¢(z) modifies NLSE to the stationary nonlinear eigenvalue equa-
tion which is comprised of one independent variable x as

()
dx?

—¢ — Blo(@)Pe(x) = Balo (@) d(x) — V(2)d(x) = ug(z) (8)

and
—CV%(:U,y) - ﬁ|¢(l’,y)|2(b($,y)
- 62|¢(:E,y)|4¢(:v,y) - V(£C7y)¢(w’y) = /L(ZS(QC,y) (9)

The trial function taken for ¢(x) and ¢(x,y) is a Gaussian

2 a2
o(x) = Aexp {a—ﬁ + szx + iﬁo] (10)
¢(x,y) = Aexp { (xQ;yQ) + ib(x22+ ) + i@o] , (11)

where 6 is the initial phase of the profile, A is the initial amplitude, a is the width
of the beam, and b is the wavefront curvature. The wave function is centered at
(z,y) = (0,0), as shown in Fig.
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Fig. 2.
b=1.

The trial Gaussian solution taken for (a) 1D system (b) 2D system at A =1, a = 2 and

2.1. Figenvalues and eigenfunctions of 1D beam

The eigenvalue equation (8) has been numerically analyzed using the finite differ-
ence method 748 In this approach, the first- and second-order derivatives of ¢(x)
are calculated by expanding the function using Taylor’s series and then approximat-
ing them with the central difference scheme, following that, an eigenvalue matrix
is created. Figures Bl(a) and 3(b) depict the imaginary and real components of the
eigenvalues corresponding to both the fundamental and excited states of the one-
dimensional P7-symmetric cubic system. Similarly, panels (¢) and (d) show the
eigenvalues for the cubic-quintic system. These eigenvalues are plotted as func-
tions of the imaginary potential coefficient (W) for different values of the cubic
nonlinearity (/3), specifically at a potential strength of V5 = 0.2 and ¢ = 0.08.

For lower values of W, the imaginary component of the eigenvalue, denoted as
14, Temains at zero, signifying that the eigenvalues are entirely real. This condition
implies that the solitons exhibit stability within this specific range. As the value
of W increases, y; acquires nonzero values, indicating the transition of eigenvalues
into the complex plane and suggesting the emergence of instability — a phenomenon
characteristic of P7-symmetry breaking.

The value of W where p; deviates from zero (highlighted by the labeled markers)
delineates the shift from stable to unstable regimes and is known as threshold
potential Wiy. It has been shown that thh for ground and first overtone is 2.7, 2.1,
1.2 and 0.6 corresponding to § = 0.1,1, 3 and 6, respectively, for cubic system and
2.4, 1.5, 0.9 and 0.6, respectively, for cubic—quintic system. Threshold potential th
for second and third eigenstates are large when compared with W} and they are
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Real and imaginary components of eigenvalue of fundamental state and overtones in 1D

PT-symmetric system for ¢ = 0.08, and Vp = 0.2 (a) Cubic nonlinear system ( B2 = 0), (b)

Cubic—quintic nonlinear system (82 = 0.1).

11.1,10.2, 7.5 and 6 for the cubic system and 10.2, 9.6, 6.6, and 4.8 for cubic—quintic

system.

Larger values of 8 push the symmetry-breaking point to lower values as indicated
in Fig. Bl indicating that stronger nonlinearity cannot maintain P7-symmetric
behavior for a longer range, thus destabilizing the beam against the loss/gain caused
by the imaginary potential. The periodic nature of both the real and imaginary parts
of the potential might support symmetric or anti-symmetric modes. Nonlinearity
could selectively stabilize or destabilize these modes depending on their overlap with
the gain/loss regions. The behavior of P7 -symmetric nonlinear system, particularly
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how the instability threshold changes with nonlinearity, is indeed dependent on the
specific values of the parameters and coefficients. Different regimes of behavior can
emerge depending on the interplay between the depth of the real potential, the
strength of the imaginary potential, and the degree of nonlinearity.

The threshold potential Wy, for the cubic—quintic system is consistently lower
than that of the cubic system across all values of §. This suggests that the quin-
tic term amplifies the destabilizing influence of the imaginary potential, as shown
in Fig. da). As nonlinearity increases, the system becomes more sensitive to the
gain/loss induced by the imaginary part of the potential.

The real potential Vj in the system generally serves as a confining parameter.
The depth of the real potential wells created by cos®(x) increases as Vj rises. As a

12 12 ‘ ! '
T, & y(cubic) //
10 e b3 & , (cuDic) 10 t +¢1 & ¢2_
¢, & ¢, (cubic-quintic)
8 - ¢: & ¢i(cubic»quintic) = 8 p— ¢3 & ¢ 4
prey
< ~y
3 6 pal T ~—. B 6
4 >
4 ]
2 \r
0 : 2
0 2 4 6 0 0.5 1 1.5 2
Nonlinear coefficient VO

(a) Variation of Wiy, with coefficient of non- (b) Variation of the threshold potential Wiy
linearity. with Vo.

Unstable

0.5
0.75 ¢

= 1

>
1.25
15 Stable region
1.75 ¢ T
2 Stable

01 2 3 45 6 7 8
W

(¢) ¢=10.08, 3=0.1, and B2 = 0.1

Fig. 4. (a) Variation of the threshold potential W}y, with nonlinear coefficient at ¢ = 0.08, and
Vo = 0.2 (b) Variation of the threshold potential Wy, with Vp at 8= 0.1, 32 = 0.1 and ¢ = 0.08,
(c) Stability regions of solitons in 1D P7-symmetric system in parametric plane of the potential
depth (Vo) and the imaginary potential strength (W) at ¢ = 0.08, 8 = 0.1, and 32 = 0.1.
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result, within these wells, the wave function becomes more confined. The tendency
of wave functions to occupy certain regions more densely as localization grows, the
wave function spends less time or has less overlap in the regions where the imaginary
potential has a significant effect (both gain and loss). Therefore, the system might
become less sensitive to the imaginary potential, and so the threshold for instability
increases as shown Fig. @(b). This is demonstrated in stability chart (Fig. E(c))
where the boundaries between stable and unstable regions mark the threshold of
PT-symmetry breaking.

Figures Bla) and Blc) display the ground state and excited state wave pro-
file in P7-symmetric and broken P7-symmetric region. The wave functions have
symmetric and confined profiles, and the pattern of peak sequences, such as sin-
gle, double, triple, and quadruple peaks, for the ground state, first excited state,
second excited state, and third excited state indicate a stable system. The eigen-
functions become less localized and asymmetric above the threshold at which the

_(j)r _--(15i B=01,W=14 0.5 B=01,W=14
- ;
0.2 0.2 _p P | w2 —
0.1 L 0 -7 ~ SN 0= - S K
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= , L) g wy 3l
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Fig. 5. Eigenfunctions and phases of 1D system in P7-symmetric and broken P7-symmetric

regime at ¢ = 0.08, B2 = 0.1, 8 = 0.1 and Vp = 0.2, (a) and (b) W = 1.4(Stable), (c) and (d)
W = 13.4 (unstable), (e¢) Energy flux versus W at 8 = 0.1.
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Fig. 5. (Continued)

PT-symmetry breaks as in Fig. Bl(c). This indicates that the system has entered
the P7 —broken phase, where the solitons or waves may either dissipate or grow
uncontrollably.

The phase of these eigenstates is shown in Figs. Blb) and Bl(d), where § =
tan’l(%). The imaginary part of the wave function and the phase behavior of
the eigenfunctions in P7-symmetric nonlinear systems is closely related. In the
PT-symmetric regime, Fig. Bl(b), the phase of the eigenfunctions varies smoothly
and continuously across the spatial domain. This behavior reflects the symmetry
of the eigenfunctions and the real nature of the eigenvalues, signifying the sta-
bility of the system and the balance of gain and loss. In contrast, in the broken
PT-symmetric regime, Fig. Bl(d), the eigenfunctions become asymmetric, and the
phase plots exhibit abrupt jumps or discontinuities. These discontinuities corre-
spond to variations in the imaginary part of the eigenfunctions and signal the
transition of eigenvalues into the complex plane, marking the onset of instability
and P7-symmetry breaking. Moreover, the phases of eigenstates show the complex
conjugate behavior of asymmetric eigenfunctions in broken P7-symmetric regime.

Figure[Bl(e) shows the transverse power flow/Poynting vector of stationary states
as a function of W, where

S(a) = (665 — 6764,

The Poynting vector represents the steady-state allocation of energy flux®¥50 cor-
responding with each stationary solution rather than the dynamic propagation of
energy. Stable soliton propagation results in a steady, positive energy flux. When
instability occurs, the Poynting vector can rapidly shift, suggesting variation in
energy propagation. When W varies sufficiently, the Poynting vector alters direc-
tion and magnitude, indicating the transition from stability to instability. The value
of S(x) is either positive or negative depending on the eigenstate, the value of W
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and the nonlinear function. The sign and magnitude of S reflect the spatial distribu-
tion of energy. All these figures display that, the Poynting vector S exhibits abrupt
changes exactly at the threshold potential for every state, indicating a remarkable
physical transition or bifurcation point within the system, most likely associated
with the stability and existence of the soliton states. The behavior is identical for
the ground state and first overtone, whose eigenvalues are complex conjugates, but
there is a reversal of energy flow. Negative S suggests complex internal dynamics
within the system, such as localized regions where the energy distribution is nonuni-
form, and potentially leading to complex behaviors like mode switching, or even
collapse if the soliton cannot maintain a stable configuration. For higher excited
states, also same type of behavior exists after the threshold value which indicates
the unstable nature of eigenstates. Thus, significant changes in beam propagation
in the P7-symmetric phase and broken P7-symmetric phase are reflected by the
energy flux S.

2.2. FEigenvalues and eigenfunctions of 2D beam evolution

A 2D PT7-symmetric nonlinear system requires spatial modifications across two
dimensions, which increases complexity. Parameters like gain, loss, and nonlinear
interactions can be adjusted spatially in two directions, resulting in more complex
patterns of stability and instability. The interactions of these traits can result in
complex spatial structures and influence how solitons or wave patterns form across a
plane. This two-dimensionality allows for richer and more diverse spatial phenomena
than the one-dimensional situation.

The eigenvalue equation (@) has been numerically analyzed using the finite dif-
ference method #748 Figures [B(a) and B(b) show the imaginary and real parts of

e Ground e First ¢ Second < Third = =Ground + First = -Second - Third
5 15 15
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Fig. 6. (a) and (b) Variation of real and imaginary components of eigenvalue of fundamental
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eigenvalues of fundamental and excited states of the 2D P7-symmetric system as
function of the imaginary potential coefficient (W) for different values of cubic non-
linearity 5 at Vy = 0.2, ¢ = 0.08, and 2 = 0.1. Figures [0 and [[(a) show that for
small values of W, all eigenstates are stable and p; = 0 (The horizontal axis (findex)
represents the sequential numbering of the eigenmodes (e.g., 1 for the first mode, 2
for the second mode, and so on). But as W goes beyond 2 the first two eigenmodes,
and beyond 9.2, second and third eigenmodes become unstable at § = 0.1. As (8
increases, the threshold potential decreases as in 1D system.

More spatial modes or channels are available for the light to occupy in a 2D sys-
tem. These modes may be coupled to one another or generate interference. When
paired with the effects of P7-symmetry (gain and loss), the nonlinear interac-
tions between various modes might result in more complex behavior at larger (3,
potentially leading to instabilities. As this, when the nonlinearity is too strong, it
can cause uneven energy exchange between the gain and loss regions, leading to a
breakdown of the P7-symmetry.

As an external trapping force, the real potential V[ reinforces and deepens the
confinement of the wave modes. However, in 2D system, the wave function can still
interact with a broader range of the potential field because it occupies a region
in the zy-plane. So, even small overlaps with the gain or loss regions can have a
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significant impact, leading to rapid amplification or attenuation of certain parts
of the wave function which leads to destabilization as Vj increases as shown in
Fig.[[(b). This is demonstrated in stability chart, Fig. [[{d), where the boundaries
between stable and unstable regions mark the threshold of P7-symmetry breaking.

Figure Bla) shows the eigenfunction representing beam in 2D P7-symmetric
system below the threshold potential. In the stable region, the real and imaginary
components of the eigenfunctions exhibit symmetry, indicating that the optical field
remains well-constrained and experiences minimal distortion during propagation.
Here the gain and loss regions are balanced so that energy does not flow excessively
in or out of any particular region. In addition, the symmetry suggests that the mode
is localized, which is indicative of stability in such systems because it is neither
rapidly growing nor sinking. In contrast, Fig. Blc) is the 2D eigenfunction of the
system in the broken P7 -symmetric region, which are asymmetric and unlocalized.
This suggests the unstable nature of the eigenmode above the threshold potential.

Figure B(b) demonstrates that there are no sharp discontinuities or jumps in
the optical field’s phase as it varies gradually along the wave function. This smooth
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change is indicative of a stable propagation mode, in which there are no notable
disturbances that could quickly produce phase shifts in the beam. Phase leaps
prevent abrupt changes in the direction of energy flow, which aids in preserving the
beam’s integrity during propagation. However, these types of behaviors cannot be
seen in the broken P7 -symmetric region, where phase changes of eigenmodes occur
abruptly and discontinuously as in Fig. [B(d).

Figure [ represents the energy flux associated with 2D P7-symmetric system
which shows the stability and instability of eigenstates within P7 — symmetric and
broken PT — symmetric phasesI For all eigenstates, the system may discontinu-
ously go to a shift at Wy, which indicates the instability of the state. The behavior
is identical for the ground state (¢1) and first overtone (¢2), whose eigenvalues
are complex conjugates, but there is a phase reversal of energy flow for ¢s. In the
cases of higher excited states, as W surpasses the critical values, the energy flow is
reversed for ¢4. The system shows the irregular behavior of eigenmodes, signaling
that the P7-symmetry is breaking down, and the modes are no longer stable.

Figure[I(ldemonstrates the intensity distribution of stationary eigenstates below
and above the breaking point. The intensity distribution of ¢; shows a single
peak at the center, which indicates a fundamental soliton. The peak is symmet-
ric about (x,y) = (0,0) and well-localized, characteristic of stable solitons in the
PT-symmetric system below the threshold. The intensity distribution of ¢s, ¢3
and ¢4 are more complex than the fundamental state and characterized by mul-
tiple peaks. Here the energy is dispersed over more spatial regions, characteristic
of higher-order modes in nonlinear systems. However, the energy or intensity of all
states is constant, irrespective of the order of state. Above the threshold potential,
the distribution of all states shows asymmetry and has slightly higher amplitudes.
The pattern of multi-peaks might become less distinct or more diffuse by losing its
regular pattern, suggesting the loss of symmetry and stability.
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3. Stability of 1D and 2D Optical Beams

One defining characteristic of optical solitons is their exceptional ability to resist
perturbations. This innate stability enables them to maintain their shape and
dynamics. In the context of P7-symmetric potentials, we explore deeper into this
stability by analyzing how these solitary waves react to perturbations. The goal
here is to understand how stationary and centrally symmetric solitons, which are
initially stable, respond to disturbances of the same dimension that do not dis-
rupt their symmetry. The stability of the stationary solution of 1D system was
investigated by applying the following perturbation:

b(x,2) = [¢(z) + g(=, 2)]exp[—ipz2]. (12)
g(w,z) = (@)™ +g(a)e™™ 7, (13)

where p(x) and ¢(x) are perturbing functions with [p(x)|, |¢(z)| < ¢(z). By applying
this solution into Eq. () and linearizing, we get Bogoliubov—de Gennes (BDG)
equations in matrix form as

/\p:Ll Ly
q*
2

Ly —L*
d
Ly =(og + V(@) +p+ 28| ¢(x)[* + 32|¢(x)

Ly = Bo(x)? + 2B20(2)?|¢(z)|*. (16)

One distinguishing feature of these systems is that the eigenvalues \ appear in
complex conjugate pairs. This means that both A and its complex conjugate, \* are
eigenvalues simultaneously. This characteristic results directly from the nonlinear
optical structure’s inherent P7 -symmetry. Figure[[Ilshows the stability spectrum of
the 1D beam in P7 -symmetric system under perturbation. For W = 1.4 (below the
threshold), the imaginary part of perturbed eigenvalues \; is zero and eigenfunctions

q

’1] ~ (14)

4 (15)
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Fig. 11. Perturbed eigenvalues and eigenfunctions (1D) below and above the threshold potential

at Bz = 8= 0.1, Vo = 0.2, and ¢ = 0.08.

(perturbed eigenfunctions ¢,) are symmetric about = 0, indicating that the
solution is stable and not oscillatory. For W = 13.4, all states are unstable and the
imaginary parts are nonzero for all eigenmodes and eigenfunctions are asymmetric.

The stability of the stationary solution of 2D system was investigated by apply-
ing the following perturbation:

w(xvya Z) = [¢($C,y) + g((E,y, Z)}exp[_lMZ],
9(x,y,2) = p(z,y)e™ +g(w,y)e 7,

2550015-16



J. Nonlinear Optic. Phys. Mat. 2026.35. Downloaded from www.worldscientific.com

by UNIVERSITY OF CALICUT on 02/26/26. Re-use and distribution is strictly not permitted, except for Open Access articles.

Nonlinear dynamics

of 1D and 2D PT -symmetric sinusoidal systems

5 5 5 5
¢ ,W=14 ¢ W=14 $pW =14 ¢ W=1.4
& of s e O] ————mm e [ ) R 0| —————————— =
E 2 3 40 20 0 20 40
~40 20 0 20 -40 -20 0 20 40 -40 -20 0 20 40 N
A A A .
r T
v
5 5 : 5 s
$pW =34 ¢, W =34 4, W=3.4 G W=34
A0 it <0 T < ()} e—eeeccm———---—— K (] m————ce—————-——
5 s 5 5
R . 0 20 o 20 4 0 20 0 20 a0 0 20 0 20 40
. A A A
= T ) T
5 5
5[ g W =134 —=-=-— §f mmmmee— W W13 s 134
=< 0 < 0 <0 el
5| ————— 5 —_————— < =
40 20 0 20 40 40 20 0 20 40 40 20 0 20 40 40 20 0 20 40
A A A A
* v v
Fig. 12. Real and imaginary components of perturbed eigenvalue at S2 = 8 = 0.1, V5 = 0.2, and

¢ =0.08.

Bz W =

p(x,y)2’ 1.4

P(X, )1 ’

X X

P(x,y)1 i p(x,y)Z’

10
1
>0
-1

X X

W=13.4 foixyiz W = 194

p(x y)1’
1
0.15
01 >0
.05
-1

X

Fig. 13.
Vo = 0.2, and ¢ = 0.08.

® W=14

p(x,y)3’

w=34

p(xy) 3’

X X
0® Powyy W=134 ® 9 W=134
10
8
6
4
2

Perturbed eigenfunctions below and above the threshold potential at 82 = 8 = 0.1,

2550015-17



J. Nonlinear Optic. Phys. Mat. 2026.35. Downloaded from www.worldscientific.com

by UNIVERSITY OF CALICUT on 02/26/26. Re-use and distribution is strictly not permitted, except for Open Access articles.

C. P. Jaseera & K. Aysha Muhsina

where p(x,y) and ¢(z,y) are perturbing functions with |p(z,y)l, |¢(z,y)| < é(x,y).
By applying this solution into Eq. (@) and linearizing, we get BDG equations in
matrix form as Eq. (I4]), where

2 2
L= o+ 4oz ) + Vo) uk 260000 ) + 3loCe)l’s (19)
Ly = Bo(a,)? + 2626z )2 6z ) (20)

Figures and show the stability spectrum and perturbed eigenfunctions
¢p(z,y)) of the 2D beam in P7T-symmetric system under perturbation. As in 1D,
below the instability threshold, the eigenmodes are localized, and their energy is
concentrated abut x = y = 0, leading to stable and non-oscillatory behavior. When
W exceeds the threshold, the system enters the broken P7-symmetric regime,
where eigenmodes corresponding to nonzero imaginary eigenvalues dominate. This
breaking of symmetry results in the distorted and asymmetric shapes of the eigen-
functions, and it corresponds to energy imbalance in the system. For W = 3.4, the
second eigenstates and third eigenstates are stable, while the first two modes appear
distorted and asymmetric. For W = 13.4, all eigenstates are going to be unstable
and all eigenstates are subject to exponential growth, leading to a breakdown of
the localized structures.

4. Threshold Effects on Beam Propagation in 1D and 2D
Nonlinear P7-Symmetric Media

The wave patterns which describe the propagation of the stationary solution of
Eqgs. (@) and [ are established using the finite difference beam propagation method
which allows simulation of beam transmission in 1D and 2D P7-symmetric systems.
The Crank—Nicolson techniquéf@#852568 i5 ysed to discretize NLSE and convert it
into a difference equation on a rectangular grid. This grid is defined by spacing Az
along the propagation direction and Ax and Ay along the transverse dimensions,
where z; = jAz, ym = mAy and x, = nAz. For 1D system, the method ensures
stability as long as (YL Az) < 0.5. Let 97 denote the wave pattern at the grid point
(j,m) and w;H generated by the matrix Aﬂ/}}”l = By}, where A, and B, stand
for tridiagonal matrices corresponding to the discretization in the x direction. For
2D system, the condition for stability of the method is (A )2 + (AA;)Q < 0.5. Let

¥ denote the wave pattern at the grid point (j,n,m) and w;ﬁl ™ and w;l’mﬂ
generated by the matrix Amw"'ﬂ " = Byt and Ayw?’m+1 = By, where A,
B, A, and B, stand for trldlagonal matrices corresponding to the discretization
in the z and y directions. The trial solution for the system in 1D is

2

- ib(z)z?
¢(x,z) = A(z) exp (a(z)2 + b(2) + i90> (21)
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and for 2D the trial solution is
— (2% + 92 ib(2)(x? + 2 .
o(z,y, 2) A(z)exp( (a(z)2y ) + () 5 y) +290> .

The beam amplitude, intensity, and beam width of the optical wave during propa-
gation have been established in P7-symmetric and broken P7-symmetric regions.
Figures [[4a) and [[d(b) represent the intensity of the beam as function of the
propagation distance below and above the threshold potential. For W 1.4,
the beam intensity does not vary significantly during the propagation, indicating
that propagation is stable. But when the potential goes beyond the threshold, the
beam intensity varies. Figure [[4lc¢) shows how the beam’s (or wave packet’s) width
changes along the propagation direction. The width of the beam remains constant
throughout the propagation when the system is in P7-symmetric regime. However,

(22)
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nonlinearity and the complex potential’s influence can be combined to provide the
compression of the beam when the system is nonlinear and the field is above the
breaking potential. The system may be strongly focusing the beam during the first
propagation phase, as indicated by the rapid initial fall in width.

Figures[[H(a) and [[H(b) represent the beam intensity and width as functions of
propagation distance z for 2D system. The beam width does not fluctuate much
across the propagation distance for W = 1.4 and the beam intensity stays relatively
constant, showing a steady propagation for W = 1.4. This stability indicates that
the system is in the P7-symmetric phase of gain and loss balance, which permits
continuous wave propagation without collapse or divergence. Figure [[5{c) depicts
the spatial distribution of the beam (perhaps as a function of  and y) at various
propagation distances. The beam does not exhibit any diffraction or nonlinearity-
induced effects, which would normally result in spreading or focusing, and the
peak intensity stays centered. The beam’s stability in the P7-symmetric phase is
confirmed by its consistent shape and size across different z values.

The profiles of the beam at various propagation distances are shown in Fig.[I5(d)
for W = 13.4. The profiles in this broken P7-symmetric phase are probably quite
variable, exhibiting deformation, peak intensity variations, and broadening, all of
which point to instability. Here, the gain and loss are no longer balanced, leading to
exponential growth or decay of the beam’s amplitude, depending on the propagation
distance, as shown in Figs. [[Hl(e) and [[5(f). The intensity of ¢; and ¢3 decreases
while that of ¢o and ¢, increases. It is because ¢; and ¢3 have eigenvalues that
have negative imaginary part, while ¢o and ¢4 have positive imaginary part.

5. Conclusion

This work explores the evolution of nonlinear eigenmodes in P7-symmetric 1D
and 2D sinusoidal systems. We examined an optical system with a complex poten-
tial that permits real eigenvalue spectra up to a critical potential known as the
symmetry-breaking point. By using numerical methods, we analyzed both fun-
damental and higher-order eigenmodes. Our findings indicate that the threshold
potential decreases with increasing the nonlinearity and increases with the depth
of the real component of the potential in 1D systems. The threshold potential Wth
for the cubic—quintic system is consistently lower than that of the cubic system
across all values of cubic nonlinearity. This suggests that the quintic term amplifies
the destabilizing influence of the imaginary potential. As nonlinearity increases, the
system becomes more sensitive to the gain/loss induced by the imaginary part of the
potential. We developed eigenfunctions, that demonstrate the symmetric behavior
below this imaginary threshold potential. These eigenfunctions exhibit a regular
sequence in the number of peaks, and the energy flux shows no abrupt jumps. The
phase of each eigenstate varies smoothly in accordance with the imaginary part of
the eigenfunction along the wave function. In the broken P7 -symmetric phase, the
eigenfunctions become asymmetric about = = 0, signaling instability of the beam.
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This instability manifests as a sudden shift in the energy flux at the threshold, and
the phases of eigenstates reflect the complex conjugate behavior of the asymmetric
eigenfunctions.

The stability analysis has been performed using BDG matrix method and estab-
lished that the eigenstates are stable below the threshold potential even in the
presence of small perturbation but loses stability when the potential crosses the
limit.

The investigation was extended to a P7-symmetric 2D system, where the beam
is spatially localized within a plane and supported by a 2D P7-symmetric poten-
tial field. Analogous to the 1D case, the stability of eigenmodes in this 2D system
diminishes with increasing nonlinearity but is enhanced by the depth of the real
potential. Here, the real potential Vj acts as an external trapping force, strength-
ening and deepening the confinement of the wave modes. However, in a 2D system,
the wave function interacts with a broader range of the potential field, as it spans an
extended region in the zy-plane. Consequently, even minor overlaps with gain or loss
regions can significantly affect the wave function, leading to rapid amplification or
attenuation in localized regions, which contributes to destabilization as 1} increases.

Below the threshold limit, stationary eigenfunctions exhibit central symmetry
and show smooth phase variations. Above this threshold, however, symmetry is
lost, and the eigenfunctions become asymmetric. The behavior of the energy flux
reflects the stability of the beam: the energy or intensity remains constant across
all states regardless of their order. Beyond the threshold potential, the distribution
of eigenstates becomes asymmetric and exhibits slightly increased amplitudes. The
multi-peak patterns may become less distinct or more diffuse, indicating a loss of
symmetry and stability.

A stability analysis of the 2D system was performed, yielding conditions for more
precisely defined thresholds, enhanced damping of perturbation-induced growth
that destabilizes eigenmodes, and advanced mechanisms for managing perturba-
tions and potential interactions.

The propagation dynamics of stationary eigenmodes were also examined for
both 1D and 2D systems, demonstrating that amplitude and beam width remain
constant in the P7-symmetric phase, while they decrease or increase in the broken
PT-symmetric phase.

Our conclusions sound very interesting and present viable approaches for con-
trolling and stabilizing beam propagation in optical system using P7-symmetric
potentials in a range of parameter domains. Development of reliable optical com-
munication channels can be aided by understanding the stability and eigenmode
behavior of 1D P7-symmetric systems. One can create optical fibers or waveg-
uides that are resistant to flaws and losses, improving signal integrity and trans-
mission efficiency, by taking advantage of the capacity to maintain real eigenvalue
spectra despite complex potentials. By modifying the symmetry and stability of
eigenmodes, lasers with distinct emission patterns and decreased sensitivity to dis-
turbances can be produced, potentially enhancing beam quality and coherence.
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The study of eigenmode stability and phase variations can be utilized in the devel-
opment of high-precision sensors in detecting small changes in external conditions.

Imaging technologies can benefit from the management of beam localization and
stability in 2D P7-symmetric systems. The insights acquired from studying how
eigenmodes interact with potential fields might help to improve imaging systems by
allowing for greater control over image resolution and quality, especially in compli-
cated contexts. The ability to control beam shapes and patterns in 2D systems is
useful for applications like optical trapping and beam steering, where more complex
beam profiles are needed.
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